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STABILITY OF COMPRESSED RODS WITH VARIABLE RIGIDITY

The problems of stability of compressed rods with continuous resizing of the cross sections in different
directions are considered. Such structures include columns, chimneys, various supports, TV and radio tow-
ers, towers, parts of cranes, machines and mechanisms, various shafts and axles. It is shown that these prob-
lems are reduced to boundary problems for ordinary differential equations with variable coefficients. It is
noted that analytical solutions of such equations cause the serious mathematical difficulties. For this reason,
there are few cases of solving similar problems of stability of compressed rods in a closed form. In this re-
gard, it was proposed to simplify significantly the algorithms for solving boundary problems for differential
equations with variable coefficients based on the theory of a numerical-analytical version of the boundary
element method that was developed in the writings of the authors of this work. For the application of tech-
nology of the boundary element method rods with variable rigidity are divided into a number of sections with
constant rigidity and in such case matrices of the fundamental functions of differential equations with con-
stant coefficients can be used. When the number of plots is more than 50, the solution of problems of stability
converges to exact values. This conclusion is confirmed by the given examples of solutions of problems of
stability with different boundary conditions.
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CTIMKICTh CTUCHEHUX IPYTIB 31 3SMIHHOIO ’)KOPCTKICTIO

Posznadaiomeca npobremu cmiikocmi cmucHymux npymis 3 6e3nepepeHoio 3MiHOI0 pO3Mipy nonepeu-
HUX nepepizie @ pisHux Hanpamxax. Taxki cmpykmypu 8KI04aioms KOJIOHU, OUMOXOO0U, Pi3Hi Onopu, menegi-
3iHI ma padio dbawimu, 8exci, YacmMuHU KpaHis, MAwiul ma mMexanizmis, pisui eanu ma oci. Ilokasano, wo yi
3a0ayi 36008MbCsl 00 SPAHUYHUX 30044 OJis 36UHAUHUX OUpePeHYIaNIbHUX DIGHAHb 31 SMIHHUMU KOe@iyicH-
mamu. Biosnaueno, wo ananimuuni piuieHnss maxux piGHAHb GUKIUKAIOMYb CEPUOIHI MAMeMAamuyni mpyoHo-
wi. 3 yiei npuuuny € KitbKa UNAaoKie sUpiulenHs aHal02iYHUX npooiem cmadiibHOCMi CIUCHYMUX NPYMI8 y
3aMKHymitl popmi. ¥V 36’°513Ky 3 yum OY10 3anpPONOHOBAHO 3HAUHO CHPOCIMUMU AN2OPUMMU BUPTUIEHHS KPaLio-
suUx 3a0au Oisl OupepeHyianbHux pIsHAHb 13 3MIHHUMU KOepiyicHmamu HA OCHOSI Meopii HucenbHo-
AHAIMUYHOT 8epcii Memoody epaHudHUX eremMeHmis, po3pobiaeHoi 6 npaysax aemopie yici pobomu. s 3a-
CMOCYBAHHA MEXHON02li MemoOy ePAHUUHUX eNleMEeHMI8 CIMEPICHT 3i 3MIHHOIO HCOPCMKICIIO NOOLIAIOMbCS
Ha ps0 CceKyiil 3 NOCMILHOIO JHCOPCMKICIIO, I 8 YbOMY SUNAOKY MOXCYMb OVMU GUKOPUCIMAHT MAMpPUuyi (yH-
dameHmanbHux QyHKyil ougepenyianoHux pieHans 3 nocmivnumu koe@giyicumamu. Koau xinekicmo oinsinox
Oinvuwe 50, piwennsa 3a60anb cmabinbnocmi 30icacmvcsi 00 MOYHUX 3HaueHb. Lletl eucnosox niomeepodicy-
€MbCA HAOAHUMU NPUKTIA0AMU PiLleHb 3a0ai CIMAOINbHOCMIE 3 PI3HUMU 2DAHUYHUMU YMOBAMU.

Knwuogi cnoea: cmilikicmv cmepichia 3i 3MIHHOIO HCOPCMKICMIO, OUu@epenyianvhi pieHAHHA i3 3MiH-
HUMU Koeghiyienmamu, (hyHoamenmanvui Qynxyii, kpaiiogi 3aoayi, cepedoguuie MATLAB.
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YCTOMYUBOCTH CXKATBIX IPYTHEB C NEPEMEHHOM )KECTKOCTBIO

Paccmompenst npobremvl ycmouuusocmu coxcamuix CmepoiiCHell ¢ HenpepblEHbIM USMEHEHUEM PA3ZMEPO8
ceuenull 8 pasHvlx HanpasieHusx. K maxum xoncmpykyusam omHOCAmMCs KONOHHbBL, ObIMOX0O0bI, PA3IUYHbIe
ONoOpbl, MenesU3UOHHbIE U PAOUOBLIUUKY, DAWHY, 0emalu KPAHO8, MAWUH U MEXAHUIMO8, PA3IUYHble 6ATbl U
ocu. Tloxazano, umo smu 3a0auu C600IMCsL K KPACGbIM 3A0auam 0t 0ObIKHOBEHHLIX OUMGepeHyuanbhbix
VpasHeHull ¢ nepemenHbiMu Ko3ppuyuenmamu. OmmeyeHo, 4mo anaiumuyeckue peueHus maxKux ypaeHe-
HULL 8bI3bIBAIOM CEPbe3Hble Mamemamuyeckue mpyonocmu. [lo smoii npuyune Mano ciyyaes peuieHus: no-
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000HbIX NPOOIIeM YCMOUYUBOCTIU CHCAMBIX CIMEPICHEN 8 3AMKHYMOM 8ude. B cesa3u ¢ smum 6bL10 npeono-
JHCEHO CYUIECMBEHHO YAPOCMUMb ANOPUMMbL PeUeHUst Kpaesblx 3a0ay 011 OupdepeHyuarbHulx ypasHeHul
C NepeMeHHbIMU KO PuyueHmamu Ha 0CHO8e Meopul YUCIeHHO-AHATUMUYECKO20 8APUAHMA Memood 2pa-
HUYHBIX 9]IEMEHMO8, pa3pabomaHHo20 6 mpyoax aeémopos OaHHOU pabomvl. /st NPUMEHEHUsT MEXHOI02UU
MEMoOa 2PAHUYHBIX IEMEHMO8 CIMEPIICHU C NEPEMEHHOU HCeCMKOCMbIO OeISAMCs HA PO CeKyull ¢ NOCHmo-
SIHHOU JICECMKOCIbIO, U 8 IMOM CyYde MO2YH UCNOAb308AMbCS MAMPUYbI OCHOBHLIX DYHKYULlL Oudhdepen-
YUATIbHBIX YPABHEHULL ¢ NOCMOAHHLIMU KOappuyuenmamu. Kozoa uucno yuacmkog b6orvute 50, peuwterue
npobiem ycmouuusocmu CX0OUMCsL K MO4YHbIM 3HAYEHUIM. DMom 861800 NOOMBEEPIHCOAEMC L NPUBLOEHHBIMU
npuMepamu peweHust 3a0ay YCmouyueoCmu ¢ Pa3iuyHbIMU SPAHUYHLLMU YCAOGUIMU.

Knrouesvle cnosa: ycmouuusocmov CmepiCHel ¢ NEPeMeHHOU HCeCmKOCcmblo, Jupdepenyuanvhbie

VPAGHEHUsL ¢ NepeMeHHbLIMU KOd(pduyuenmamu, QyHoameHmaivHvle QYHKYUl, Kpaesvle 3a0auu, cpeod
MATLAB.
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Problem statement sive force change, are reduced to boundary problems
The problems of stability in the Euler formula-  for ordinary differential equations with variable co-
tion, when the beam dimensions and the compres- efficients [1]

Z:z {El(x)‘m—(f)}i{N(x)M}:o, (1)

dx dx dx

where EI ( x) is the function of flexural (min-  With variable coefficients. [1-13]. However, in these
works, rods, in which the section change was per-

] ) formed only in one direction, were considered. It’s
8(x) is transverse deflection, m; not exactly the general case. At the same time, in the
scientific literature mathematical approaches to re-
; flect changes in the dimensions of section in all di-
beam section, kN. rections (for example, a cone) are presented [14-15].

The analytical solution of even such a relatively [ 1is regard, we will present the opportunities of
simple equation causes serious mathematical diffi- g for such cases

culties. In this case, it is necessary to apply the nu-
merical methods, for example FEM. This raises
questions about the accuracy and reliability of the
results. Therefore, the problem of the development
of new approaches to solving this and similar tasks
remains relevant.

Analysis of researches and publications

The solution of boundary problems for differen-
tial equations with variable coefficients attracts re-
searchers by its complexity and a wide practical
application. The numerical-analytical version of
boundary element method (BEM) that was devel-
oped in the works of prof. Orobey V. F. can be suc-
cessfully applied to solving differential equations

imum) rigidity, kNm?’;

N (x) is the function of compressive force in

The purpose of the research

The purpose of this research is numerical-
analytical of BEM version to solving problems of
beam stability having the shape of a truncated cone.

Presentation of basic material of the re-
search

Since it is not possible to solve equation (1) an-
alytically, we can propose an approximate approach
that simplifies the task. It is obvious that continuous
change of cross section dimensions and other rod’s
parameters can be approximately simulate by a
stepped dependence (Fig. 1)

d;

F &

Figure 1 — Modeling of a truncated cone by a stepped system
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Such a replacement is very convenient because task of discretized system. The methods of initial
at each beam section the change in section dimen- parameters, displacements, finite elements, etc. can
sions (and other parameters) disappears and equa- be applied. In our opinion, the numerical-analytical
tions with variable coefficients are automatically version of the boundary element method [6, 9, 10,
reduced to equations with constant coefficients, 11, 13] is most suitable here. The essence of this
which solutions exist and they are the only ones method comes down to elementary transformations
(Cauchy problems). Remains only to use the method of matrices of calculated ratios at the boundary value
that will most effectively cope with the calculation x=/; each system’s element according to the scheme

Y()=A() X(0)+B({)— A() - X(0)-Y()=—B({) — A«(]) - X«(0,)) =—B()) , 2)

where Y(/) is state parameter vector of all rods secondary diagonal. This property causes the high

system in the boundary sections x=/; , i=1,n ; stability of numerical operations when solving the

A(/) is quasi-diagonal matrix of fundamental system of equations (2) or when calculating the de-
functions at x=/[;, i=1,n ; terminant;

X(0) is vector of initial parameters of all rods 3. When x=0, it forms the identity matrix;
system; 4. In problems of stability and dynamics, it
B(/) is external load vector at x=/;, i=1,n; doesn’t contain breaking points of the 2nd kind;

n is number of elements in the system. 5. Is formed without matrix operations of addi-
As a result of parameter transfer from Y(/) to tion, multiplication and inversion. Quasidiagonaliza-

X(0) is a system of linear algebraic equations ob- tion operation is only used.
tained. If it is required to solve eigenvalue problems, All these advantages allow us to have the sim-

then B(/) = 0 and at X«(0,/) # 0, the transcendental plest algorithm for solving various boundary prob-
equation is obtained to search for critical forces or lems, which is characterized by high accuracy re-
natural frequencies in the form of a determinant sults. Let us present the BEM algorithm using the
examples of the truncated cone stability problems
reviewed in the works [14, 15]. The stability equa-
‘A* (l > E{p’m)‘ =0. (3)  tion for the discretized scheme in Fig. 1, b and the

i-th segment will take the form:

By setting the interval for K, or w, you can al-

4 2
ways find your own values [1-13]. The matrix E]_d 9(x)+Fd S(X) -0 (4)
A, (1, B, ®) has many remarkable properties: "odx? dx’ '
1. Strong discharged matrix doesn’t lead to a
significant accumulation of rounding errors from The matrix of fundamental orthonormal func-
arithmetic operations; tions for this equation is known, and has the form:
2. It is certainly scaled, that is, its elements
smoothly decrease in size from left to right along the
1 2 3 4
1 1 A12 _Al3/E[i _Al4/E[i
A= 2 4, A, /El —4,/El ®)
3 _A32 'Eli El; Azz A12
4 1
where A12 _ sin(t;jx) ; A13 _ 1—cosz(1:ix);1414 _ tix—si?(tix);
ti t t;
(6)

A,, = cos(t;x); A, =sin(t;x); t; = /F/EI;

Rigidity parameters entered into matrix A; for plot. The cross section of the cone is a circle, and the
more simple fulfillment of the conditions of connec-  diameter varies according to the law (Fig. 1, a):
tion plots in the internal points of the beam. Values
El; are most easily calculated in the middle of each d(x) = dy(a + bx"), (7)
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where a, b are coefficients;

k is exponent.

The matrix A, (l, F) of equation (3) is formed in
the following way. Let n = 3 (Fig. 1b). The matrices
of initial and final parameters of the discretized

._.
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=

o) oo 3 (@)Y ()} EAN w [\
<<
oSN
S
w

—
(e}

_

=

<
w
L

12 Q(30-)4

From the matrix X it follows that in the matrix
A« you need to reset 1 and 3 columns. Into place of
the zero parameters of the matrix X« carry the inde-
pendent matrix Y parameters. The dependent matrix

beam are compiled. They take into account the
boundary conditions of the bearing and the condi-
tions for the continuity of the parameters of bending
at the internal points.

L vy? =vg®
2| ewt =9
31 Myt =Mg?
41 Q=00
SV =Vo"
Y= 0l 9oy’ = el

7] ME = ) ®
81 Q=@
9 Vis*=0

10 go(354

11 M(3,)‘4 =0

12 Q(354

Y parameters are transferred according to the equa-
tions of their connection. As a result, the matrix A
is supplemented with compensating elements. The
beam stability matrix will look like:

1 2 3 4 5 6 7 8 9 10 11 12
1 A -AWEL | -1
2 An -A13/ELy -1
3 -A3EL An -1
4 1 -1
5 1 Ag; -ApEL | -AWEL | -1
6 Axn -Ap/ElL | -A/EL -1
A= 7 -AxED An An -1 ©)
8 1 -1
0 1 A -A3/El | -A/EL
10 -1 An -A1y/EL;y | -A/EL
11 -AnEl; An An
12 -1 1
Matrix equations (3) are .s%milarly formed for Fo= AElmin _ T*Elmin (10)
beams with other support conditions. From equation Kp 12 (ul)2

(3) by the search method you can determine the crit-
ical forces that are provided in the form:

where A is dimensionless critical force parame-
ter;

u is effective length factor.

There is dependendence between A and .
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M =T (11)

The practice of solving problems with variable
coefficients shows that the results are almost accu-
rate even with the number of plots n > 30 [1-13].
For the problems of works [14, 15] the matrix A«

Table 1 — The first three parameters of critical forces

was formed automatically according to the program
in the MATLAB environment with n = 50. Table 1
presents the parameters A for the first three critical
forces of various cone-shaped beams with a a=1;
b=0,01; i=1; L=1.

Parameter A
Al 3,1729 6,3474
A2 6,3463 9,0664
A3 9,5210 12,6886
Parameter A I I,
 e—
7
B L d
Al 4,5378 1,5931
A2 7,8023 47611
A3 11,0157 7,9346

The data in Table 1 can be compared with the
results of work [14, 15]. Using the Green function
allowed us to obtain an accurate result for A1 with
hinged support [14]

A =317 (12)

It can be seen that the BEM results and works
[14] coincide. Using the integral equations, the ap-
proximate value A1 = 3.11 was obtained in the work
[15]. Although this result is little different from the
accurate result but it is unreliable. The value of A1
for a cone-shaped beam must be greater than 7. Ta-
ble 2 presents the parameter values A1 depending on
the diameter ratio of the cone-shaped beams with
a=1; L=1; k=1.

The table 2 shows that with a smooth change in
the transverse dimensions of the rod it is possible to
significantly increase the critical forces of such
structures as columns, chimneys, various supports,
TV and radio towers, towers.

Conclusions

The analysis of the presented material shows
that the method of calculating the beam stability
with distributed parameters, based on BEM, allows
you to solve effectively, accurately and reliably the
complex problems, which don ‘t have an analytical
solution. In particular, for cone-shaped (also pyra-
mid-shaped) beams, it is not necessary to form a
rather cumbersome Green function [14] or to solve
the integral equations [15]. In BEM it is sufficient to
use only the system of fundamental orthonormal
functions of the corresponding differential equation
with constant coefficients. An additional advantage
is the minimum requirements for variable coeffi-
cients of the differential equation. They can have
breaks of the 1-st kind, break points, and an arbitraty
set of continuous functions [1-13], which signifi-
cantly expands the range of the solvable problems
not only in the stability theory, but also in other sci-
ences.
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Table 2 — Parameters A1 when changing the diameter ratios of cross section

d e d; “
F U
— | b
.=l P L -

2 1 6,2817 12,5658
3 2 9,4207 18,8627
4 |3 12,5579 25,1635
5 4 15,6908 31,4722
6 5 18,8175 37,7929

d,

F% <

— | Db
7

- L )
2 1 8,9833 4,0583
3 2 13,4870 6,8630
4 |3 17,9917 9,8194
5 4 22,4967 12,8452
6 5 27,0185 15,9060
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